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R A R ti%E(PFEM)

O Why PFEM (particle finite element method)?

We have a lot of numerical methods that can solve large deformation

problems, i.e. ALE, SPH, CEL, MPM, PFEM ......
There are mainly two reasons:
* Easy to implement, it can be easy realized from FEM codes.

* It inherits the accuracy of FEM.

MPM PFEM/SPFEM

shear stress
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0 PFEM applications:

Granular columns collapse ... Cylinder soil interaction
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O Typical step of PFEM:

1. On the basis of cloud of particles, the
Delaunay triangulation technique is
used to build the FEM mesh.

2. The alpha-shape approach is used to
identify the entire problem domain.

3. Map the state variables (strain, stress,
etc.) from particles to Gauss points.

4. Solve the governing equations via a
standard incremental FEM approach.

5. Map the state variables (strain, stress,
etc.) from the Gauss points to the
particles

6. Modify the positions of particles and
transfer all the field information of
particles to form a new cloud of
particles.

7. Go back to Step 1 and repeat until
the problem-dependent stop condition.

A cloud of particles

Step 1

Mesh of physical domain
(information stored in particles)

Solution via a standard FEM

External loads Step 4

Step 5

N

ONNNANNNANNN N

A new cloud of particles
. Step 6

Step 7

Delaunay triangulation mesh

Step 2 i

Mesh of physical domain
(information stored in Gauss points)

~EE

Mesh of physical domain
information stored in particles)

~

ONNNANNNINNNN,

Next step

10




R A R ti%E(PFEM)

0 PFEM defects:

* Mapping induced errors due to the frequent information (e.g. stress, strain, plastic
strain)

transfer between old and new meshes.

* Volumetric locking due to the use of low order elements, and therefore 6-node
elements are generally used.

—  old mesh
-—-—- newmesh

old node

new node

old Gauss point

O B O e

new Gauss point
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O Core of SPFEM:

Strain smoothing technique for nodal integration is incorporated.

Construction of strain smoothing cells associated with particles

(b)

® Field node

® Field node around node K

4 Central point of triangular element > Gentral point of triangular element

+ Mid-edge point + Mid-edge point

Details in:

Liu, G. R., Nguyen-Thoi, T., Nguyen-Xuan, H., and Lam, K. Y., 2009. A node-based smoothed finite element method
(NS-FEM) for upper bound solutions to solid mechanics problems. Computers and Structures, 87(1-2), 14-26.

Chen, J. S.,, Wu, C. T., Yoon, S., and You, Y. (2001). “A stabilized conforming nodal integration for Galerkin mesh-free methods.” Int. J.
Numer.Methods Eng., 50(2), 435-466.
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Strain smoothing technique for SPFEM

The smoothed derivative of shape function for particle k at the h direction
(h = x,y) can be obtained as follows:

~ I
b;h(xk) = m A(k) N;(x)nh(x)dI‘

As the gradient of displacement is constant in each element (3-node
triangular element), by,(xx) can be further simplified and obtained as
follows:

NCE)

where A{; and N, are the area and derivative of shape function for the jth
triangular element around the particle k, respectively.



JtHE LA R T (PFEM)

Strain smoothing technique for SPFEM

The area of the smoothing cell A¥) is obtained as follows:

1 27
AW = [ da=_) A

The smoothed strain-displacement operators B at the Ith node can be
obtained as follows:

—HE',X " 2
B.=|0 Ey
_b ly b Ix |
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O Typical step of SPFEM:

Due to this special technique, Step 3 and Step 5 vanishes in the original PFEM.

1. On the basis of cloud of particles, the

. . . . A cloud of particles
Delaunay triangulation technique is b

used to build the FEM mesh. . . . Delaunay triangulation mesh
2. The alpha-shape approach is used to R

identify the entire problem domain. .t e \

4. Solve the governing equations via a Mesh of physical domain /

standard incremental FEM approach. Solution via a standard FEM

5 Map-thestate-variables(strain;stress; Step3 , External loads
particles 1 '

6. Modify the positions of particles and ‘

. . A new cloud of particles
transfer all the field information of P

particles to form a new cloud of
particles. .« L.
7. Go back to Step 1 and repeat until e .o Next step
the problem-dependent stop condition. |

W

o} &
o oS
b N
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Implicit SPFEM

Similar to FEM and MPM, there are two types of SPFEM.
Implicit SPFEM (Zhang, 2018)

SPFEM
Explicit SPFEM (Yuan, 2019)
(Kep + Kg)u — FEXt M(l - Femt o Fz’nt
4 Implicit SPFEM 4 Explicit SPFEM

1. Zhang W, Yuan W, Dai B. A smoothed particle finite element method for large-deformation problems in geomechanics,
International Journal of Geomechanics, 2018, 18(4): 04018010

2. Yuan W H, Wang B, Zhang W, et al. Development of an explicit smoothed particle finite element method for geotechnical
applications[J]. Computers and Geotechnics, 2019, 106: 42-51.



Implicit SPFEM

1. Governing equation

pa =V .o+ pb
2. Weak form

dQ -6 + 6 -dQT) - SzdV* —I—J o'

J D, - de - BadV’—I—J
Vﬁ Vﬁ

VE

. EndV? :J b+ . SudV! +J A . Suds! —J ¢ - SedV’

VI St VE

3. discretization formulations

(Kep + Ky)u = F*

4. Newton-Raphson iteration
du; = (K;_1) 7' Ry1

ﬁll}' = ﬂhllj_l —|—dllj
At

b4



Implicit SPFEM

3. discretization formulations

ext ext mt

(Kep + KJu=F R_; =F*"_F
T T T T T TSI TS T T T T T T T T N
| I N I
| T Pl =~ T = (k) |
| K., = [ﬂBLDBPBLdV o K, =) B, DYB A% ,
: o ) k—1 :
I B T T . I o . N . I
I K, = [QBLGBSdV + [QBNLGBNLdV LK, = BEC)T_kng)A(k) X BSI)JT&kBinA(k) :
: : : k—1 k—1 :
| o 1o N
: F = J B 6dV Lo =S B A :
I { 11 k

k1 l

R N J

Traditional FEM Nodal integration



Numerical procedure of iISPFEM

1. Read the particle information of the problem
domain.

. A cloud of particles
2. Loop over the load increment steps.

3. Generate the Delaunay triangles and identify - e Delaunay triangulation mesh

. s . e ., Stepl
the computational domain. . LN
4. Construct the strain smoothing cells and

. . Step 2
compute the smoothed strain-displacement Mesh of physical domain .~
Operators of all parthIGS- ] M /\ Solution via a standard FEM
5. Solve the nonlinear equilibrium equations by St{i Exigmal foads

the Newton-Raphson iteration to obtain

PANNKEANNNKNNNT

particle incremental solutions of the current

. A new cloud of particles Step 4
load incremental step. - .., .
6. Update the positions and field variables of T . .. Swps
particles. .o e N Next step

7. End looping over the load increment steps.
8. Output results.

21



Explicit SPFEM

1. Governing equation

pa =YV o+ pb
2. Weak form

/5u-padV:—/5u:o'dV+/§u-ngS+/5u-pde
1% v S 1%

3. discretization formulations

|
I - _ T Ng _ I
| e = /Q Blodf) = Z ZB,?UM i €® Nodal integration
|

|

k=1 i=1



Computational cycle of eSPFEM

Algorithm 1 Computational cycle of SPFEM

1. Generate Mesh using Delaunay triangulation and alpha shape technique
2. Get indices of elements related to nodes.
3. Calculate incremental time step and volumes of elements and nodes
4. Calculate smoothed strains of nodes
5. Calculate stresses of nodes through constitutive integration
6. Calculate internal force of nodes
7. Update positions and velocities of nodes by explicit time integration
3. Aty = glmn 6. F" = | BTodQ = = NkB'T V;
. cr . . = -/f; g = Z Z LOEVE
) LN, | | k=1 i=1
4 B, — — LVig 7. Ma = Fett _ pint
: Vi 221
> o = H(€ k)

- The concise computaional cycle greatly facilitate the
" GPU parallel computation



Extension to 3D and GPU parallel computation

1. Construct strain smoothing cells

2. Calculate the smoothed strain

@ Ficld node
2D N, @ Centroid of the element
k
case: A 1 A O Mid-edge-point
k = e
i=1 3
Ny
) 1 1 it
k=1
3 D . Ny @ Field node
case: -
‘/’.C - Z ¥y & Mid-edge-point
=l @ Centroid of the
surface triangle
N, @ Centroid of the
N 11 i i tetrahedron
b= = -V'B
Vi 4

The geometric data of smoothing cells
are not requried to be obtain explicitly. (Cui, 2016)



Step 6. Calculate internal force of nodes

TN

Fint — / BT odQ) = ZZB oV

k=1 =1

k—VkZZIZViB" ‘
T N Ej T Eg
Fint — y‘y‘y‘ “V'Blo, —y‘y‘y‘ VJBJ"Jk
k=1 i=1 j= 1 k=1 j=1 m= 1

Smoothing strain matrices are too large! ( 7'x N, x 18 )

v To save global memory, we reformulate the calculation of
internal force. :
v' Atomic operations are used to avoid racing conditions. |



Parallelisation schemes for the eSPFEM

Input and initialization Parallel Scheme

Generate Mesh using Delaunay triangulation and alpha shape technique

v

Get indices of elements related to nodes

;

Calculate incremental time step and the volumes of elements and nodes

Main loop l

Over elements

Executed on
CPU

Over elements and
then over nodes

Executed on
GPU

Calculate smoothed strains of nodes Over elements

Data tranfer
* Between CPU

Y

and GPU Update stresses of nodes through constitutive integration Over nodes
L Data flow l
on GPU Calculate internal force of nodes Over nodes
\ 4
Update position and velocity of nodes by explicit time integration
Over nodes

Occasional output

Zhang W, Zhong Z, Peng C, et al. GPU-accelerated smoothed particle finite element method for large deformation analysis in
geomechanics. Computers & Geotechnics, 2021, doi: 10.1016/j.compgeo.2020.103856



PFEM for large deformation consolidation analysis

4R surcharge load 50 kPa, p= 10
—| 5 2

L

30R kPa
P - - 32.0&30
b= >
2 & :
o = 820
=10
-0.03 E0
30R|

| Fixed |

|—-| -—l

30R

Yuan W, Zhang W®), Dai B, Application of the particle finite element method for large deformation consolidation analysis,

Engineering Computations, 2019, 36(9): 3138-3163



PFEM with Abaqus

{a) Ux=10,Uy=05D

Extract the deformed coordinates of particles
4 (b) Ux = 0.5D, Uy = .51
A
Adjust boundary particles, removal or addition
of particles based on distance betwen particles
Adjust domain particles, addition of particles b i 2
based on the radius of the element cirenmsphere ”-‘JSEW
L, E:ﬂ.{lz
Remeshing, apply a Delaunay trian- N
gulation based on the refined particles
L ) (d) Ux = 1.5D, Uy = 05D
Identify external boundary, ap-
ply an alpha-shape method
. () Ux=2.0D, Uy = 0.5D
Improve mesh quality, apply Laplacian
smoothing algorithm in the area of interests

YUAN Wei-Hai, WANG Hao-Cheng, ZHANG Wei", et al. Particle Finite Element Method implementation for large deformation
analysis using Abaqus. Acta Geotechnica, 2021, doi: 10.1007/s11440-020-01124-2



Comments on SPFEM

O E Onate, 2020, CMAME :

However, only very recently the use of nodal integration in a PFEM framework has been investigated and
successfully applied to geotechnical problems [12,13]. In these works, the authors proposed the so-called Smoothed
Particle Finite Element Method (SPFEM), inspired by the well-established Smoothed Finite Element Method
(SFEM) [14-17].

8.2 PFEM with Nodal Integration

D E Oﬁate’ 2020, ACME , Traditionally, the PFEM has been formulated for standard

elemental integration, storing stresses and strains at the
A State Of the Art REViEW Of the Pa rtiC|e Finite Element Gauss poin{sl However, in PFEM with Gaussian in[egra_
Method (p FE M) tion, due to the continuous elimination of the elements done
during the remeshing steps, it may be required to transfer the
elemental information from the old mesh to the new one.
This is avoided in fluid dynamics problems, where the meas-

= [ 8Recent Advancement on the PFEM ures of stresses and strains are computed from the scratch
‘ at each time step, but is mandatory for non-linear solid
ﬂ 8.1 The PFEM of Second Generation (PFEM-2) mechanics methods that require the storage of historical

variables. Remapping procedures, besides having a certain

H _ ComPUtational COSt, intrOduce interpo}a[ion fihe into the
numerical scheme and cause the smoothing of the historical

—-H 9 Conclusions variables (Sect. 2).
On the other hand, in nodal integration methods, stresses
,ﬂ Acknowledgements and material historical variables are computed and stored at

the mesh nodes[99]. Consequently, a PFEM strategy with
nodal integration does not require variable remapping pro-
v cedures along the remeshing step.

This feature motivated recent research on the use of
nodal integration in a PFEM framework[56, 124, 126]. The
method, called by the authors Smoothed Particle Finite Ele-
ment Method, took inspiration from the Smoothed Finite
Element Method[135] and was successfully applied to 2D
geomechanics problems with large deformations.

[ References
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V6B FBIRTiA(ISPFEM)
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(a)

Fig. 5. Deformed configurations and the horizontal stress o, distribution (unit: megapascals): (a) magnitude of concentrated load is 1,500 kPa;
(b) magnitude of concentrated load 18 3,000 kPa



V6B FBIRTiA(ISPFEM)

£89.8
500

|

300
0
-300
-500
-660.4

Fig. 6. Deformed configuration of the beam moment bending problem
and the honzontal stress o, distnibution (umt: megapascals)
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O FEERE

Cavity expansion in Tresca soil

Soail:
< E=461.5kPa
é v=0.499
L cu=8.66kPa

Soil layer

Correcting layer:

E=166.67kPa
Cavity v=0.25
Smooth
~a ' 60a ' 60a

Details in:
Zhang, W., Yuan, W.-H., Dai, B.-B., 2017. A smoothed particle finite element method for large-deformation problems in
geomechanics. International Journal of Geomechanics. DOI: 10.1061/(ASCE)GM.1943-5622.0001079.
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O FEERE

Cavity expansion in Tresca soil

— Analytical solution
4 SPFEM

1 1.5 2 25 3
b/a

Figure: Normalized internal pressure g/c, versus normalized radial displacement

bl g
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O FEERE

Cavity expansion in Tresca soil

(a) (b)

0.054 -0.145
-6.301 - -5.704

-12.552 -13.263
-18.800 -19.823
-25.049 -26.382
-31.298 -32.941

Figure: Deformed configuration of the cavity expansion problem and the radial
stress o, distribution (unit: kPa): (a) Normalized radial displacement b/a = 2;
(b) Normalized radial displacement b/a = 3
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O X1l E FRYSFACER

Footing

- 33

5B

Soll

Smooth

1 Rough

Smooth

10B
|..

Soil :
E=100kPa
v=0.495
cu=1kPa
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O R1hE FRYSA A

—0.032

(a) (b)

Fig. 11. Mesh of the foeting problem and the incremental deviatoric plastic strain invariant distribution: (a) normalized penetration, z/B = 0.5,
(b)normalized penetration, z/8 = 1.0
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O X1l E FRYSFACER

10 T T T T 8
£ p— _,/'\—w’—'\-a‘-
/ Meyerhof (1951) 7T - S T ]
--------- ] —— T —— i TR — f
e e e e T = AN s )
& G O [ PP~
T T
g g s
= = — SPFEM.Ir=16
2 B 4 SPFEM,Ir=33.4
© r £ ——SPFEM,Ir=167
g 4 —— SPFEM 1 8 3 —— SPFEM,Ir=500
TEU — — PFEM-M E — — PFEM,Ir=16
g — = PFEM-D ZE 2 PFEM,Ir=33.4
2 —-= MPM ! — — PFEM,Ir=167
"""" ALE 1 — — PFEM,Ir=500
—-=- Rigid-plastic —-—-Rigid-plastic
0 A 1 F1 L 0 1 1 i I
0 0.2 04 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
(a) Normalized penetration, z/B (b) Normalized penetration, z/B

Fig. 12. Normalized load-displacement curves for rigid footing on Tresca soil: (a) comparison with other numerical methods (I, = 33.4);
(b) comparison with PFEM at different £, values
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O BIRKIERXRE

Failure of a homogeneous soil slope

12m 20m 13m
i < s ~ Soil:
) E=100MPa
= Soi v=0.3
15m S ol =10kP
g 26.57° g O o
n g  ©=20°
Y Rough uE) y=0°
45m y=20kN/m?
[t -

Figure: Failure of a homogeneous soil slope

Details in:

Zhang, W., Yuan, W.-H., Dai, B.-B., 2017. A smoothed particle finite element method for large-deformation problems in
geomechanics. International Journal of Geomechanics. DOI: 10.1061/(ASCE)GM.1943-5622.0001079.

41
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O BIRKIERXRE

Failure of a homogeneous soil slope

(a) (b)
i post-failure
101 : : : 101 —
—SPFEM
—aA— FEM
—_ —_ Bishop (1960
€ 100 e — de —¥— —k— ¥ —— c
£ T £
g g
g =08 g
=1.0
3 =14 3
E =15 E
=16

Il Il Il 1 » Il Il
0 2500 5000 7500 10000 0.8 1 1.2 1.4 1.6
Number of iterations SRF

Figure: (a) Maximum displacement versus number of iterations; (b) Maximum
disnlacement with different valies of SRF
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O BIRKIERXRE

Failure of a homogeneous soil slope

(a) (b)

Figure: Configurations of the slope problem and the incremental deviatoric plastic
strain invariant distribution: (a) SRF = 1.3; (b) SRF = 1.4; (c) SRF = 1.5; (d)
SRF=1.6
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Axial vibration of a continuum bar
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O R1hE FRYSA A

Rigid footing on Tresca soil

B/2

[=]

Soil:
E=100kPa
v=0.495
c=1kPa

-10

0 2 4 6 8 10 (m)

Figure: Geometry and mesh of the footing problem.
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O X1l E FRYSFACER

Rigid footing on Tresca soil

8 10
7 O L :
L s i AT TR — Meyerhof [24] |
Aty : e
3 b e e B D i
s’ b
B &
{g p g Prandtl [23].
= I M e b e e e e R e e v e e e e
83 :
'% , —— eSPFEM
s, i N S S A 2 —-— MPM
2 —-= 1469 particles === PFEM
——— 3263 particles ALE
L JE 5969 particles implicit SPFEM
—— 11752 particles - —— Rigid plastic
0 : 0 "
0.0 0.5 1.0 1.5 20 2.5 0.0 0.5 1.0 15 2.0 2.5

Normalized penetration, z/B Normalized penetration, z/B

Figure: Normalized load-displacement curves for rigid footing on Tresca soil: (a)
Different particle densities; (b) Comparison with other numerical methods
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O R1hE FRYSA A

Rigid footing on Tresca soil

Figure: Contour of accumulated plastic strains (a) and shear stress (b) at a
penetration depth of 2.5 m
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O WSS

The collapse of two-dimensional sand columns

A Mohr-Coulomb Soil :
G=0.7MPa
v=0.3

_ c=0kPa

$=31.0"

y=0.0"°

Q.‘]i
RS
-, i

0 de
(a) (b)

Figure: Initial setup (a) and final deposit (b) of Lube’ s experiments.
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O WSS

The collapse of two-dimensional sand columns

3.0 12 i
" /
25 — 10 /,
[=]
k=]
2 =
‘:g 20 // | ‘3 & E/
- =
; =1 ; =
n
q1s / L //
E / n E -
il /l /
1.0 - é 4 / m
z -
-4 /
0.5 2
— Eq.(20) — Eq.(21)
eSPFEM SPFEM
0.0 0
0 2 4 6 8 10 12 o 2 4 3 8 10 12
Aspect ratio, a = ho/dp Aspect ratio, a = hg/dp

Figure: Normalized final height and width of granular columns as function of
aspect ratio.
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O WSS

The collapse of two-dimensional sand columns

— ). ——= a=30 |

— ), f, a=5.0

Figure: Final deposit profiles normalized to initial width for various aspect ratios.
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O (REEISIR

Mohr-Coulomb Soil :

G=0.7MPa
v=0.3

» c=0kPa
H»=19.8"
y=0.0

100 mm

N 200 mm ]
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O fREISIS

12 !
i === SPH results

T —e= MPM results
{  —— SPFEM rcsults I
A experimental data

0.10 1
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0.04
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O KBRS

20m S

.j:Ie ad load

—
™

T, Y,
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Fig. 15 Geometry and mesh for the strain-softening slope stability problem
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(Bui, 2008)

Shear modulus: 0.7MPa
Poisson’s ratio: 0.3
Density: 2650kg/m?
Cohesion: OkPa
Friction angle: 19.8°

Mohr-Coulomb model is used
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Fig. 14. Speedup of the double-precision GPU simulations over sequential CPU
simulations.
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v With GPU acceleration, computation was completed in ~5 hours with
~250k nodes.

v Without GPU acceleration, computation was completed in ~13 hours
with only ~ 38k nodes. (Zhang X, 2017)
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In undrained penetration, the cone resistance qc is commonly related to the
undrained shear strength by way of a relation of the form

qc — Nccu +GV0

where o, is the total overburden stress (e.g. Teh & Houlsby, 1991; Lu et al., 2004)
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Figure 6: Cone factors versus overburden pressures
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Comparison against Existing Solutions
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